In this paper we deal with`e ectivity problems' in connection with the following theorem proved by K. Schm udgen in Sch]. Hilbert's 17-th Problem dealt with the non-compact case h 1 = = h m = 1. In this case, by E. Artin's well-known solution, f 2 R (X) 2 , i.e., f is a sum of squares of rational functions. Using a classical result of P ster, f = 2 n
is a basic closed semi-algebraic subset of R n . Schm udgen's Theorem states that if S(h) is bounded, then every f 2 R X] that is strictly positive on S(h) admits a representation Hilbert's 17-th Problem dealt with the non-compact case h 1 = = h m = 1. In this case, by E. Artin's well-known solution, f 2 R (X) 2 , i.e., f is a sum of squares of rational functions. Using a classical result of P ster,
Since this result also holds for every real closed eld R replacing R , the Compactness Theorem from model theory yields recursive bounds for the degree of p i and q i , depending only on the degree of f (and, of course, on n). elds R. Thus, if one wants to nd upper bounds on the`length' of (= minimum number of squares such that their sum represents ) and deg in a representation ( ), then the bounds have to depend also on invariants of f and the h i 's other than just their degrees.
Our rst theorem treats the case where the h i 's are xed (i.e. we treat all coe cients of h 1 ; : : : ; h m as invariants) and gives a bound depending also on deg f; jjfjj, and the minimum of f on the compact set S(h). By jjfjj we mean any norm of the coe cient vector of f, e.g., the maximal absolute value.
THEOREM 1 There exists 2 N depending only on the coe cients of h 1 ; : : : ; h m and on n; Remark: If in addition to the assumptions of the theorem we let h 1 ; : : : ; h m 2 Z X 1 ; : : : ; X n ], the function may be chosen to be recursive in n; d; N, and the coe cients of the h i 's.
In the next theorem we also allow the h i 's to vary. As the example below shows, however, this theorem does not cover all h i 's with S(h) bounded. The detailed proof of both theorem's will be found in our forthcoming book \Positive polynomials", co-authored by Ch. N. Delzell. Let us brie y indicate the method.
In both cases we prove that f admits a representation ( ) even when we replace R by any real closed extension R of R . After having achieved this, the Compactness Theorem of model theory gives the existence of bounds and the Completeness Theorem implies recursiveness. The reader may consult P], Chap. 5 and 6 for a detailed exposition of such arguments.
The crucial step in the proof of ( ) for a real closed eld R R is the following. Let O be the convex hull of R in R. By (i) Replacing (ii) in Theorem 2 by a \bounded" version of that condition and using the same method as above, yields recursive bounds for the i 's in a representation ( ) for f.
